MOSBJEHUE OTPULATEJIBHBIX YNCEJ B MATEMATHKE JPEBHOCTH.
POJIb TUO®AHTA. TOYEMY (-1) - (=1) = +1?

Kak mnpaBuno, mosBiieHHE dYHced OBLUIO CBS3aHO C MOTPEOHOCTSAMH TPAKTHYECKON
NESTEIPHOCTH 4enoBeka. Tak, HaTypaJbHbIE 4YHCIAa BO3HUKIM U3 MpoOJEeMBbI IepecyeTa
npeameToB. [lpu mpoBeneHUM W3MEPEHHH, KOTJa Pe3yJbTaT HE BBIPAKAJICA IEIbIM YHCIIOM,
BO3HUKJIa HEOOXOAMMOCTh pacCMaTpHUBaTh ApOOHbIC yncia. OTpHIlaTeNIbHbIC YUCIa BOSHUKIHN B
CBS3U C TIOHSATHEM COOCTBEHHOCTH, @ HMMEHHO AacCCOI[MMPOBAIUCH C TMOHSATHEM «IOJIT», H
JUTUTEIIbHOE BpEMsI HE BOCIIPMHUMAIIUCH KaK CAMOCTOSITENIbHBIE, B OTPHIBE OT STOTO MOHSTHSL.

JlpeBHUE erunTsiHe, BABWJIOHAHE M TPEKH HE UCIIOJIB30BAIM OTPUIIATEIBHBIX YHCEI U, €CITU
MOJTyJaJld B PE3YJIbTATE PEIICHUS YpaBHEHUS OTPUIIATEIbHBIA KOPEHb, TO OTOpAChIBAIU €r0, HE
BHJIS B HEM CMBICTIA.

[TepBbie cBUAETENBCTBA MCIIOJIH30BAHUS OTPUIATEIBHBIX YMCET BCTPEUAIOTCS B TPAKTaTe
«MaremaTika B JEBATH KHHUrax» JpeBHEKHTaiickoro ydeHoro Wxan Ilan. Jlo Hamumx nHeu
noten e€ BapuaHT, qaTupyembiii || BekoM 10 H.3., HO €CTh BCE OCHOBAHUS MPEIOJaraTh, 4YTo
3TO CIUCOK c Oosee napeBHero counHeHust «l[3t0 my» Xl B. 10 H.3. B 3TOM Tpakrare
OTpUIIATENbHBIE YUCIIa 0003HAYAINCh UeporudoM «(dy», O3HAYAIOIINM JOJT, HeaocTauy. s
MOJIOKUTEIBHBIX YHCEN HWCIOIb30BANICA HMEPOTIN(] «IKEHB», COOTBETCTBYIOIIUN CIIOBAM
«MPaBWIBHBINY, «CIPABEIIMBBINY», a TPAKTOBAJIUCH ITH YHCJIa KaK UMYIIECTBO. 3HAKa MHUHYC
emie He ObUIO, W YTOOBI OTJIMYATh OTPHUIATEIHHBIC YHUCIIA OT IMOJOKUTEIBHBIX, UX 3aIUCHIBAIH
pPa3HBIM I[BETOM: TIOJIO)KHTEIIbHBIE — KPACHBIM, a OTPHUIATEIbHbIE — YEepPHBIM. Takoi croco0
o6o3HaueHust yucen coxpansyicss B Kurae Brmote 10 Xl Beka, xorja KuTaiCcKuii MaTeMaTHK
JIu E navan B cBomxX paboTax mepeuepKuBaTh KOCOW UEPTOW MOCIEAHIO HU(pPY B 3alucH
OTPULIATENILHOTO YHCIA.

Urto kacaeTcsi BOSHUKHOBEHHUS MPaBUII JEUCTBUN C OTPULIATENBHBIMH YHCIaMH, TO yXKE B
«MartemaTiKe B JEBATH KHUTAX» (POPMYIMpPOBAINCH NpaBUJIAa CIIOKEHUS W BBIUUTAHUS IS
MOJIOKUTETIFHBIX U OTpHUIATENbHBIX uKcen. [IpaBuna nas yMHOXKEHHsI BIEPBBIE BCTPEUYAIOTCS
ropasgo moszxe — B |l Beke B «Apudmernke» Jduodantal: «HemocTaTok, yMHOXKEHHBIH Ha
HEJO0CTaTOK, JaeT HAJMYKe; HEOCTAaTOK JK€, YMHOKEHHBIM Ha HAJIMYHeE, AaeT HEJOCTaTOK». DTH
MpaBUJIa OH MPUMEHSET B X0Jie TPeoOpa3oBaHU Pa3IMYHBIX BBIPAKEHUH, KOTOPbIE ceiuac Mbl
Ob1 Ha3Bas OykBeHHBIMU. [Ipu 3ToM y JInodanTa mo-nmpekHeMy OTCYTCTBYIOT 3HAKH «+» U «—».
[lepen OykBEeHHBIMU MPOU3BEACHUAMU C OTpUIATEIbHBIMU KO3 duuuentamu J(nodanTt craBui
saak M. CaMoCTOSTETBHOTO 3HAYCHNS 32 OTPHIATEILHBIME YiCIaMu JIHO(GanT He PU3HABAT, 1
€CJIU TIPH PElIeHUH YpaBHEHHUsI MOTyYalicsi OTPULIATEeNbHbIN KOPEHb, €0 HE YUUTHIBAI.

Wuauiickue MaTeMaTHKW HAa3bIBAU TOJIOKHUTEIbHBIE UYHCIA «IXaHa» WU «CBa», 4TO
03HAYaJO0 «UMYIIECTBO», a OTPHUIATEIbHBIE — «PHUHA» WIH «KIIAis», 4TO MOHUMAJIOCh Kak
«monr».  Yxe B VIl Beke bpaxmarynmra B cBoux paboTax AEMOHCTpUPYET IIHUPOKOE
MCIO0JIb30BaHME OTPUIATENILHBIX YU CET U MpaBuia IeicTBul ¢ HUMH: «CyMMa IByX UMYILECTB —
umyiectBo. Cymma AByX AoiaroB — jpoir. Cymma uMyIIecTBa M J0Jira paBHA MX Pa3HOCTH.
[IpousBeneHre IByX UMYILIECTB WM BYX JOJITOB €CTh UMYIIECTBO; MPOU3BEICHIE UMYIIECTB
Ha JOJr ecThb YOBITOK. TO ke MpaBWJIO MMEET MECTO W mpu jAeneHun». B cepemune 1X B.
WHJIUMNACKUI mMaTeMaTuK MaraBupa nucan: «KBajgpaT HOJIOKUTEIBHOTO WM OTPULIATEIHLHOTO
yucna mnojoxkureneH». OIHAKO OTpHUILATENIbHbIE YHCIAa TaK W HE TOJYYUIM HIMPOKOTO
pacnpoctpanenus. B XlIlI B bxacxapa |l otmeuan, uro «iroau He OAOOpPSIOT OTPULIATEIBHBIX
qrCcem.

! Muodant AnexcaHapwilcKuii — JpeBHErPEYECKHil MaTeMaTHK, BOLIEAIMII B HCTOPUIO KaK «OTEIl ajireOpbD»
Onaromapst BBEICHUIO MaTeMaTHIeCKOH CHUMBOJIMKH U 0003HAYEHHIO Pa3INYHBIX CTEINEHeH HEM3BECTHOTO OyKBaMHU.
JunodaHT mepBBIM N3 TPEYECKHX MATEMATHKOB CTaJ pacCMaTpUBATh JpOOM HapaBHE C HATYPAIbHBIMH YHCIAMH.
HmenHO Ha monsX NaTHHCKOro nepesosa «Apudmernkm» duodanra B 1637 roxy ¢panmysckuil marematuk [Isep
depma chopMynmupoBan yCIOBHE TEOpeMbl, Ha3BaHHOW mo3xke «Bemmkoil teopemoit depman. [lomckom eé
JIOKa3aTeNbCTBA 3aHUMAINCh MHOTHME BBINAIOIIMECS MaTeMaTHKH, HO YIAJIOCh 3TO JHIIb JHApIo Yaincy B 1995
rofay.



Ilepoe omnmcaHue OTpPULATEIBHBIX YUCEI B EBPOIEUCKOM JIMTEPATYpe IOSBUIIOCH B
«Kuure abaka» (1202 r.) Jleonapao [TuzaHcKoro, KOTOpPbI MHTEPIPETUPOBAT UX B MHIUHCKOU
TpaAMLMU — KaK JOJar. TakoW 4YMCTO NMPAKTUYECKUM MOJIXOJ K MOHMMAHHUIO OTPHULIATENIBHBIX
YUCeJl TOPMO3HII X JaJbHEWIIEe pA3BUTHE U MIPEIATCTBOBAII IPUHATHUIO. J[€MCTBUTEIIBHO, KAKOU
peaJIbHbII CMBICT MOXET UMETh YMHOKEHUE UMYylIecTBa Ha 1oir? Jlonroe BpeMsi MaTeMaTHUKU
Ha3bIBAJIM OTPHUIATEIBHBIC YHCIA JIOKHBIMU» U «a0CypaHbiMm». CuuTanock, uto, eciau u3 0
BBIYECTh JIFO00E YKCIIO0, TO 0TBeTOM OynmeT 0, Tak KaKk HUYTO HE MOXET ObITh MEHBIIE HYIS —
IIYCTOTHI.

B 1484 rony ¢panmysckuii matematuk Hukoma Ilioke Hanmcan tpakratr «Hayka o uncmax
B Tpex yactsax». OH onucan B HeM MpaBuiIa ICHCTBHIA C OTPHUIATEIILHBIMU YUCIAMH, 0003HaYas
ux Kak «0 — n»: «KT0 ckiagpIBaeT MUHYC C KAKUM-TO YHCJIOM, TOT MOJY4aeT MEHBIIYI0 CYMMY, a
KTO BBIUMTAET MHUHYC, TOT IOJIy4aeT OOJbIIMNA ocTaToK. ... Korga roBopsT «MHUHYC», TO 3TO
03HAYaeT, 4TO y YEJIIOBEKA HUYETO HET U €IIE OH JOJDKEHY.

CaMOCTOATENBHO 3HAKH «+» U «—» U1 0003HAUEHUS MOJIO0KHUTEIbHBIX U OTPULIATEIbHBIX
qycesl cTajl HMCIO0JIb30BaTh HeMmeukuil matematuk Morann Buaman B pabote «bblcTpblil u
NPUATHBIA cueT aus Bcex Toproues» (1489 r.)?. B 1544 r. apyroif HeMmelkuii MaTeMaTHK,
Muxasns lltudens, B cBoelt «IlomHoit Apudmernke» onpenenusn oTpULATENbHbIE YHCa Kak
«MEHbIIIE, YeM HUYEro», OCBOOOJMB MX OT MPHUBSI3KH K MOHATHUIO JIOJITA U TMOSICHAS MX MECTO:
«Honp HaxXoIuTCS MEXly HCTUHHBIMU U a0CYpHBIMH YUCIIAMI.

K nauany XVII Beka B Takol TpakTOBKE OTpHIATEIbHbIE YHCIAa HAaXOAST MPU3HAHUE B
paboTax aHriaM4aHuHa X3ppuoTa, utaibsHia bomOennu, ppaniysckux marematukos JKupapa u
Hexapta u ap. Pene Jlexapt B «I'eomerpun» (1637 T.) 3aKkperisieT reOMETPHIECKOE TOJIKOBaHUE
oTpuIaTeNbHbIX yncen. Ha yncnoBoi mpsMoil oTpUIIaTEIbHBIM YHCIaM OH COMOCTaBUJ TOYKU
CJIEBA OT HYJIA, a MOJIOKUTEIBHBIM — CIIpaBa.

Ho naxe mocnme 3TOoro MaremMartukaM MOTPeOOBalOCH €IIe OKOJIO JABYX BEKOB, YTOOBI
IPU3HATH OTPULATEIbHBIC YHUCIA HApaBHE C MOJOXKHUTEIbHBIMH. OCOOEHHO >KapKUE CIOpHI
BO3HUKAIN IPU OOCYKIEHUU CYTH apU(PMETUYECKHUX NEUCTBUN C OTPHULIATEIIbHBIMU UYUCIIAMH.
Tak, 3naMeHuThI (Ppanimy3ckuii Marematuk bie3 I[lackanp cumran, yto 0 — 4 = 0, Tak Kak
«HUYTO HE MOYKET OBbITh MEHbILE, YeM HHMUYTO». Ero npyr ApTyp ApHO BBIABUHYJ apryMEHT
IIPOTUB OTPHULIATENIBHBIX YHCEJ, IOJYYMBIIMN Ha3BaHUE «IIapaJOKC ApPHO»: paccMaTpUBast

. -1 +1
PaBCHCTBO IBYX OTHOIIICHUHN —12—1, OH OTME€4all, 4TO pas —1 MCHBIIC, YEM +1, TO KakK
+ J—

OTHOIIEHHE MEHBUIEr0 4Hcia K OOJIbIIEMY, MOKET PaBHATHCA OTHOIICHHIO OOJBIIErO YuCia K
Menbiiemy? Jxon Bammuc B «Apudmeruke OeckoHeuHoro» (1656 r.) mnpuHHUMAan, 4YTO
OTpuIaTeNIbHbIE YHCIIa MEHbILIE HYJS, HO Ha 3TOW OCHOBE JOKa3bIBaJl, YTO OHH OOJIbIIE, YeM
0eCKOHEYHOCTb. HemoHATHBIM OBLJIO M ONpelelieHHe YMHOXEHHUS dYepe3 ciokeHue. Ecnwm,
Hampumep, 3 - 4 O3HaYaeT, YTO YMUCIO 3 HYXKHO B3ATh claraeMbiM 4 pasza, TO 4TO O3HAYaeT
3amuch 3 - (—4)? Kak 310 B3sTh unciio 3 cnaraembiM —4 paza? U mouemy (-1) - (—1) = +1? Haxe
camble kpynHble MmaTematuku XVIII Beka nmaBanmu »TOoMy KpailHe HEBHSTHbIE OOBSCHEHUS.
Anrnuiickuii nost Y.I'. OneH no 3ToMmy nNoBoAy IMUca:

Munyc Ha MUHYC — BCETJa TOJIBKO ILTIOC.

Otuero Tak ObIBaeT, CKa3aTh HE OEPYCh.

K XIX Beky maremaTrka Kak HayKa CTPEMHTEIHHO pa3BUBajach, OHA CTalla HEMBICIHUMOMN
6e3 orpunatensHbIX yrcen. B 1831 r. nemenkuit maremaruk Kapn ®@punpux [Mayce, umenmmumit
HE3bIONIEMBI aBTOPUTET CPeAM CBOMX KOJUIET U €Ille MPHU KU3HU MOJYyYUBIIUN OT HUX 3BaHUE
«KOpOJII MaTeMaTHKW», TPU3HABAl OTPHUIATETIbHBIE YHCJIAa HapaBHE C MOJOXHUTEIbHBIMH.
3aKkoHUEHHAsi CTporas TEOpHs OTPHIIATEIbHBIX YHMCeNl ObLIa co37aHa TOJbKO K cepeaune XIX
Beka B paborax Y. ['amunbrona u I'. I'paccmana.

2 3aMCTI/IM, 4YTO 3aa0Jro mo BI/I,Z[MaHa HUTAJIBbAHCKUE POCTOBIIMKHM B CBOMX 3aIUCIAX CTABUIHW PAAOM € HUMCHEM
JAOJDKHHKA CCYXKCHHYHO CYMMY C FOpH3OHTaJ’ILHOI71 qepTquoﬁ nepen Heﬁ, KOTOPYIO 3adUCpKHUBaJIN IMOCIC
BO3BpAIlCHUA ACHET, TAKUM 06pa30M, B 3aIIUCAX 3TO BBITIISJIEIIO OYECHB IMTOX0XKE HA 3HAKU «—» U «T».



3agaHud

1) Iooymaii u 3anuwu, 20e 8 c60ell NOBCEOHEEHOU HCUSHU Mbl CIAIKUBACULLCSL C
OMpUYamenbHbIMU YUCIAMU.
2) Hailou 3nauenue OpeeHekumatickux yugp, npeocmaenieHubix

Ha pucynke. Yuumwleas npasunio 3anucu noa0#CUmenbHuIx u — }u
OMPUYAMENLHBIX YUCeT, GbIYUCTU UX cymmy. Omeem 3anuuiu - ‘
OPEBHEKUMAICKUM UePO2TUPOM.

3) Pewu 3a0auu uz mpaxmama «Mamemamura 8 0essimu KHU2axy.

a) 2 cnonam xopowe2o ypodcas, 3 CHONam Cpeone2o ypoxucas u 4 CHOnam nioxo2o ypodxcas He
xéamaem 0o 1 00y® coomeemcmsenno no 1 crony cpednezo yposkcas, nioxozo ypoiicas,
xopowezo ypoowcas. Cnpawueaemcs, CKOIbKO 3€pHA NOAVYUIU U3 KAHCO020 CHONA
xopoute20, cpeonezo u nioxozo ypocaes?*

6) Ilpooanu 2 6yusonos, 5 6apanos, kynuau 13 ceuneti, ocmanocov 1000 ysaneu. I[Ipooanu 3
oyueona, 3 ceunvu, kKynuiu 9 oapamos, xax pas xeamuno. Ilpodaru 6 6apanos, 8 ceumeil,
Kynunu 5 oyieonos, ne xeamuno 600 yaueti. Cnpawusaemcs, ckoibko cmosim 0yueon, bapau
U ceunba?

8) Umeemcs 5 eopobves u 6 nacmouex, ux e3gecunu Ha eecax. Bec ecex 6opobves bonvuie geca
ecex nacmouex. Ecau nepemecmumv 0OHY NACMOUKY U 00HO20 680p0o0bs, mo ec Oyodem
oounarxogvim. Obwuil gec 8cex nacmouex u 60pobvée 1 ysunv. Cnpawiueaemcs, CKOIbKO
gecsm 1acmouyka u eopooeti?

4) Pewu 3a0auy uz Apucpmemuxu Juogpanma.

Haiiou mpu maxue uucna, umoodvi cymmbvl ux 8cex u Kancowvix 08yx ObLIU K8AOPAMAMU.

5) B Ilanamunckou anmonocuu (X 6.) COOPAHCUMCSL INUSDAMMA-3A0aYA.;
Ilpax [{uopanma epobruya noxoum,; Ouucs eil — u KameHsb
Myopwim uckyccmeom e2o ckasxcem yconuie2o Gex.

Boneii 60206 wecmyro uacmo HcusHu OH NPOAHCUTL PEOEHKOM.
U nonosuny wecmoti gcmpemus ¢ RYWKOM HA W eKax.
Tonvko munyna cedbmas, ¢ nNOOPY2ol OH 0OPYHUICH.
C Hero, namo 1em nposeosi, ColHaA O0HCOANCA MyOpey,
Tonvko nondCUsHU OMYOBCKOL 8031H00NEHHBIIL CHIH €20 NPOHCUIL.
Ommusam oH 6b11 Y omya panHer cMepmoio C80ell.
Jlsasicovt 06a 200a pooumenv ONIAKUBATL MAICKOE 20pe,
Tym u ysuden npeoden HcusHU NeUaiIbHOU CBOell.
Onpeodenu no smum OaGHHbLM KOIUYECmaE0 iem, npoxcumsix Juoganmom
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* IMeHHO B PEIIEHHH 3TOM 3a/[a4H BCTPEYAETCs IEPBOE YIIOMUHAHIE OTPHIIATENBHBIX YHCEN U MPABHUII
apu(pMeTHYECKUX JACHCTBUI ¢ HUMH.



