BECKOHEYHOCTbHb MHOXECTBA IMTPOCTBIX YUCEJI

Cpeny HaTypalbHBIX YHMCEJl B MAaT€MaTUKE CIHEIHaJbHO PacCMaTPUBAIOTCS T€, KOTOPbIE
UMEIOT TOJIBKO J[BA JICIUTENS: €AWHUIy u camo ceOs. Kak Bl 3HaeTe, 3TH 4MClIa Ha3bIBAIOTCS
IIPOCTBIMU. 3araJlouHbIMM CBOMCTBAMM IPOCTBIX YMCEI MATEMAaTHKU 3aUMHTEPECOBAIUCH €IIE B
JaJIeKOM MpOILIOM. Beab BO3ZHMKAIOIIME B CBSA3U C IPOCTHIMM YHMCIAMU 33/1a4M, OKa3bIBAJIUCh HE
TaK yX U [IPOCTHIMH, @ HEKOTOPBIE U3 HUX HE peUIeHbI 10 cuX 1nop. Ilo3HakoMuMes 1 Mbl ¢ UICTOpUEH
CaMbIX MHTEPECHBIX NPOOJIEM MaTEMATHUKH, CBA3aHHBIX C IPOCTHIMU YHCIIAMHU.

Bormpoc mosiBieHHsI MpOCThIX YHCEN B PSAAY HATYypalIbHBIX YHCENl U UX paCHpe/eieHHs
MPUTSTUBAT U MPUTITMBAET MAaTEMAaTUKOB KaK MarHuT. Beap 3TOT mpouecc 10 CUX MOp CUYUTAIOT
HEIpeJICKa3yeMbIM, a MaTEMATUKK TaK JIIOOAT BBIABISATH BO BCEM KpPacoTy 3akoHOMepHocTeil! B
TaOIUIaX MPHUBEICHO KOJMYECTBO MPOCTHIX YMCEIl, BCTPEUYAIOIIUXCS B PA3IMYHBIX MPOMEKYTKaX.
Tak B mepBoii cotHe ux 25, B mepBoil Teicside — 168, a B mepBBIX necaTtd Thicsdax ux 1229.
[Tonyuaercs, 4TO C yBEIMUYEHUEM YHCIOBOIO MIPOMEXKYTKA YBEIUYUBAETCS M KOJUYECTBO MPOCTHIX
yrucen B HeM. Ho HaTypalbHBIX 4Mcell OECKOHEYHO MHOTO. 3HAUuT JIM 3TO, YTO U MHOYKECTBO
MIPOCTBIX YHCET OKaKETCsl OECKOHEYHO BEIUKO?

IIpomesxyTok 1-99 |100-199 |200-299 |300-399 |400-499 |500-599 |600-699 |700-799 |800-899 |900-999
Konnyectso 25 21 16 16 17 14 16 14 15 14
MPOCTBIX YHUCeJ

ITpome:xyTOK 1-999 | 1000- | 2000- | 3000- | 4000- | 5000- | 6000- | 7000- | 8000- | 9000-
1999 2999 3999 4999 5999 6999 7999 8999 9999
KosinuecTBo 168 135 127 120 119 114 117 107 110 112

MPOCTBIX YHUCeJ

Ve B XX Beke MaTeMaTHKaM CTaJ0 M3BECTHO, YTO B MPOMEXYTKe Mexy urnciaamu 102 u
10% + 1000 Hax0UTCS BCETO JIMIIb ABA IPOCTHIX Yncia. HTepecHO, Kak MPOCTHIE YNCIa MOBEIYT
cebs Ha OeckoHeyHOCTH? MoOryT JM OHM M BOBCE NPEKPATUTh MOSBIATHCS WM UX BCE XKe
0ECKOHEYHO MHOTO U HE CYILECTBYET CaMOT0 OOJILIIOro MpocToro uucia? OTBET Ha 3TOT BOMPOC
ObUT M3BECTEH elle ApeBHUM rpekam. llepBoe sornueckoe 10Ka3aTelnbCTBO TOTO YTO, MPOCTHIX

yucen 0eCKOHEUYHO MHOTO, conepkutcs B «Hauanax» Esxmmma (111 B. 1o H.3.).

Jns Tex, KoMy MHTEpEcHO, IpHBeleM 31ech paccyxienus Emxiunma. Jnsg Hadama paccMOTPUM HECKOJIBKO
TMOCJIE/IOBATENFHO UAYIIMX TPOCTHIX YKCEll, HAaTpuMmep, 2, 3, 5, 7. [lepemuokum ux: 2 - 3 - 5- 7 =210. Teneps nodaBum
K pe3ybTaTy eAUHUIly U moxyauM yucio 211. OgeBunno, uto mpu nenerHnn 211 Ha qr060€ U3 B3ATHIX HAMH MPOCTHIX
YHCeN B OCTaTKe MBI odyuuM 1. 3ameTnm, uro uucio 211 npocroe. Ho Tak ObiBaeT He Beerna. Eciiu ObI MBI mpojienanu
TO K€ camMoe JJIsl psaa MpocTeiX uucen 2, 3, 5, 7, 11 u 13, To B pe3ynbrare nonydunu 661 yrcio 30031, kotopoe He
SIBIISIETCS IPOCTHIM. ET0 MOXKHO pa3iiokuTh B mpousBereHue uncen 59 u 509, kotopele, kcraTh, 00a npocteie. O6a 3tn
(axTa JexaT B OCHOBE J0Ka3aTeNnbcTBa EBKMma, mpoBeeHHOro IS 00IIero ciyJas.

EBxuun paccyxzman Tak: JOIyCTUM, YTO YUCIIO MPOCTHIX Yuces kKoHeuHo. O003HauMM HauOoIbIIee U3 HUX KaKk
P. Haiinem npousseneHue Beex MPOCTBIX Yucen’ BINIOTH 10 uKcia P u o60o3Haunm pesyibrar yepes N:N=2-3:5-7
- 11 - 13- ... - P. [lombITaemcs Tenepp Haiitu nenutenu uncia N+1. OueBunHo, uTo npu genenuud ynciaa N+1 Ha 2 B
octatke nomyynm 1. IIpu nenenun Ha 3 B ocTaTke CHOBA MONXYYHM 1. DTOT )K€ OCTATOK IONYYHTCS M TIPH JEIeHHU Ha
nmro0oe Ipyroe MpoCTOe YHCIIO, BIUIOTH 0 P, KOTOpbIe BOILUIM B Ka4yecTBE COMHOXHMTENEH Mpu nomydeHud yucna N.
3T0 03HauaeT, 4To, b0 uncio N + 1 camo sBIseTCsS IPOCTHIM, JIMOO AETHUTCS Ha IMpocToe unciio, dompiree P. Ho mo
HaIIeMy TPEAIIONIOKEHNIO, HE CYIIECTBYET MPOCTHIX ymceln, Oompimx P, a 3Haumt, N + 1 mpocroe umcmo. Onste
NOJyYHIIM TIPOTHBOPEYHE TOMY, 4TO 4mcio P Hambombimee mpocroe ymcno. Takum oOpa3oM, MpenroioKeHue o
KOHEYHOCTH IPOCTBIX YHCEJ OKA3AJIOCh HEBEPHBIM.

ITo3xe ObLTH JAaHbl U APYT'UEC BAPHUAHTHI JOKA3aTCJIbCTBA 0OECKOHEYHOCTH MHOKECTBA MMPOCTBIX
YUCCJl, HaANpUMEp, aAHAJIUTHYCCKOC JOKAa3aTCIbCTBO Sﬁnepa, J0Ka3aTCIbCTBO FOJ'IBJ_'[68.X8.,
JO0Ka3aTCJIbCTBO KyMMepa, HO HU3JIOXKCHHOC BBIINIC AO0KA3aTCIbBCTBO EBKJ'II/II[a cunTaeTcs HanboJee
QJICTAHTHBIM U ITPOCTBIM.

O,Z[HO U3 MOCICAHUX AO0KA3aTCIbCTB OECKOHEYHOCTH MHOKECTBA MMPOCTBIX YHCECII OBLIO JaHO
®dropcrenbeprom B 1955 r. OHO onupanoch Ha JOCTHKEHUS TOTIOJIOTHH, OypHO pa3BUBABIIETOCS B
TO BpCM4 pasaciia rcOMCTPUH.

Ha JO0Ka3aTCiIbCTBEC OECKOHEUYHOCTH MHOKECTBA MNpOCTBIX YHCCI  HCCICAOBAHUA,
MOCBAIICHHBIC ITPOCTBIM YUCIIAM, HC IPCKPATUIINUCDH. MaremaTuku pemar0T HOBLIC 3a/la4u: HaWTH

1 HpOI/IBBe,I[eHI/Ie NEPBBIX N MPOCTHIX YMCE MOTYIHIO B MATEMATUKE Ha3BaHUEC ((HpaﬁMOpPIaJ'I)), 10 aHaJIOIr'uu CO
CJIOBOM «(baKTopI/IaJ'I)), KOTOPBIM Ha3BalOT IMPOM3BCIACHUE IIEPBLIX N HATYpPaJIbHBIX YHCEII.



(bopMyITy ISt TOTyYEHUsI IPOCTOTO YHCIIA U HAYYUTHCS OMPEACIIATH KOJHUYESCTBO TPOCTHIX YKCEI B
3a/IaHHOM TIPOMEXYTKE.

Bce u3BecTHBIC B HCTOPHH Pa3BUTHSI MATCMATHKU PEIICHUS IEPBO 3a/1a4H TIOKA OKA3aJIHCh
HEBEPHBIMH HECMOTPSI HAa TO, YTO OBLIM MPEUIOKCHBI KPYITHEHIIMMH MATEMATHKAMH CBOETO
Bpemenu. Tak, [I. depma (1601-1665), Bbickazan NPeANoOKEHHE, YTO BCE YMCIA BHA
F(n) = 22" + 1 npocrsie. JleiicTBUTEIBHO,

F(0) = 22° +1=2+1=3-npocroe,
F(1) =22 +1=4+1=5—npocroe,
F(2) =2%" +1=2%+1=17 — npocroe,
F(3) =2%° +1=28+1 =257 — npocroe,
F(4) = 22" + 1 =21+ 1 = 65537 — npocToe.

Ho B 1732 r. JI. Diinep nokazan, uto F(5) = 22° 4+ 1 = 232+ 1 = 4294967297 snsercs
cocTtaBHbIM ymcioM. K HactosiiieMy MOMeHTY cpenu uncen depma APYrux MPOCTHIX YHCEN HE
00HapyKeHO. 3aMeTHM, YTO YAAIOCh HAWTH Pa3jIoKeHNUEe HA MHOXHUTEIH Yrces depma BIUIOTH JI0
F(11), Ho mOoKa3aTh, UTO CPEAM YKCEN JAHHOTO BHA MTPOCTOE OOJIBIIE HE BCTPETUTCS, MATEMATHKU
TOXeE TI0Ka HE CMOTJIH.

Cospemennuk [I. depma, M. Mepcenn (1588-1648) paccmarpuBas uwmcia BHIA
M(n) = 2" — 1, 3amern, uto eciu gucio M(N) — mpocToe, TO ¥ YKCIIO N TOXKE SABIISETCS TIPOCTBIM.
O6parHOe HeBepHO, Tak Kak yxke M(11) =21 — 1= 2047 =23 - 89. Bonpoc 0 J0Ka3aTelbCTBE
OECKOHEYHOCTH MPOCTHIX YKCEIT BUa Yhcel MepceHHa B MATEMAaTHKE €IIl€ OCTACTCSI OTKPHITHIM.

n 2 3 4 5 6 7 8 9 10 11 12 13
M(n) 3 7 15 31 63 | 127 | 255 | 511 | 1023 | 2047 | 4095 | 8191

[TomeITKy HaliTH opMyITy, JAIONTYIO TPOCTHIE Kcia, npeanpuHs yxke B XVIII 8. JI. Diinep.
OmMH U3 3aMeyYaTeNnbHBIX ero Pe3y/bTaToB — KBaJAPaTHBINA TpexuleH X + X + (], HO3BOJSIOMIMI
MOJTy4aTh MPOCTHIC YHCIIA U HATYPaTbHBIX 3HAYSHHUH X, MEHBIINX (| — 2, T/Ie ( — IPOCTOE YHCIIO.
Hanpumep, Bepaxkenne x> + x + 11 naet npocTsie uncia st x ot 1 10 9

x=1, 12+1+11=13—mpocroe,
x=2, 22+2+11=17—-mpocroe,

x=3, 3FP+3+11=23- pocToe,
x=4, 4*+4+11=31- pocToe,
x=5 52+5+11=41- pocToe,
x =6, 6°+6+11=53— pocToe,
x=17, 7°+7+11=67- pocToe,
x=8, 8+8+11=83- pocToe,
x=9 92 + 9 + 11 = 101 — npocroe.

Onnaxo mipu x = 10, 10 +10+11=121— y’Ke€ COCTaBHOE.

B wutore, nmoka tak u He ynanoch HaTU (GOpPMYIbI, 3aar0lIeil TOJBKO MPOCThIE YUCIA, HE
rOBOPS YK€ O TOM, YTOOBI OHA JaBalia uX Bce MOAPSA 10 OECKOHEYHOCTH.

Bropas Gonbinas npoOnema, CBs3aHHAs C MCCIEA0BaHNEM OECKOHEYHOCTH MPOCTHIX YHCE,
KacaeTcsl Ompe/eNieHUs] KOJIMYeCTBa MPOCTHIX YKCeN B 3aJJaHHOM MpoMexyTke. OJMH U3 MepBbIX
pe3yIbTAaTOB B 3TOM HAIIPaBJIEHUU MOJIY4YE€H 3HAMEHUTHIM HeMenkuM matemaTtukoM K.®. ["'ayccom
eme B 1792 r., koraa OyayiieMy «KOpOJII0 MaTeMaTHKU» ObLIo Beero 14 met. B cBoeil 3amucHoi
KHIDKKE OH OTMETWJI, YTO KOJHYECTBO MPOCTHIX yucen MeHbuXx N, mpu yBemuueHuu N

N
HpI/I6J'II/I)KaeTC$I K BBbIPpa>KCHUIO m HGCMOTpH Ha TO, 4YTO BaM CHIC HCU3BCCTHO IIOHATHUC

HarypansHoro sorapudma grcia N (INN), MOKHO JOCTATOYHO JIErKO MCIOJIb30BaTh 3Ty GopMyiy
TSl BBIYMCIIEHUS C TOMOIIBIO KANBKYaTopa. Tak, Harpumep, JIsi TOTO YTOOBI OLIEHUTH KOJINYECTBO
MPOCTBIX YHCEI B IEPBOH ThICSYE, MOTPEOYETCS BHIOIHUTD CIEAYIOIIUE YETHIPE II1ara:

1) BBectH uucio 1000;

2) HaxaTb KHOIKY In

3) HaxaTh KHOTIKY 1/X

4) ymHOXUTB pe3yabTaT Ha 1000.



B pe3ynbrare Thl NOJY4YMILb YKCIO, KOTOPOE NOCIE OKpyrieHus Ao uenoro pact 145. Ho
BBIIIIE MBI TOBOPHJIM O TOM, YTO B IEPBOM ThICAYE NPOCTHIX yKces poBHO 168. C yBennueHneM uncia
N TouyHOCTB BbIsIBIIEHHOW ['ayccoM 3aBHcHMOCTH Bo3pacTaer. J{oKa3aTeabCTBO CIPABENIMBOCTU
ATOTO 3aKOHA O pacIpeAesieHUH MPOCTHIX yucesn Obuio naHo Jymiib B 1896 r. XK. Anamapom u
K. Banne-Ilyccenom.

WuTepecHoe NpEANoNoKeHue, CBSI3aHHOE C OECKOHEYHOCTBIO MPOCTBHIX YHCEIN, OBLIO
BbICKa3aHo B 1845 r. ¢panmy3ckum matemarukom K. beprpanom:

02151 1106020 Hamypanvbhoz2o N > 2 6 unmepeaine om n 0o 2N cyujecmsayem npocmoe Yucio.

OT0 npeAnonoxkeHue, nolydrBliee Ha3BaHue runoTe3sl beprpana, 6b110 goKa3aHo B 1852 1.
BBLIAIOIIMMCS OTe€UeCTBEHHLIM MaTeMaTUKOM 11.JI. UeObImeBbIM.

3ajaHud:

1) Hcnonvzys 603modicHocmu onpeodesienusi KOIUYecmaea npoCcmuiX YUcei ¢ HOMOWbIO UHmMepHen-
pecypca https://uchim.org/matematika/tablica-prostyx-chisel esisicru, 6 xaxoit moicsaue uucen 0o
50000 raxooumcs Hauboabuiee u HauMeHblUlee KOTUYeCm80 Npocmulx yucen? A 6 Kakoi comue ux
b6yoem HaumeHvbuwee Koauuecmeo?  Kax mwi cuumaewb, yO0obOHee OyOem npogecmu 5mo
Uccne0o8anue camoCmosamenbHo Uil 8 2pynne maxkux sce ucciedosameneu? Kax mol oyenusaeus
PEeanbHOCMb  CaMOCMOAMENbHO20 NPOBEOeHUsT IMOU pabomvl NPpU 3HAYUMETbHOM YEeaudeHuu
npomedicymka uccieoosanusn? Ilonpobyu opeanuzoeamo pabomy 8 epynne 0 Npo8edeHUsi 0AHHO20
UCCe008AHUSL U OYEeHU NOTYYEHHBLU Pe3yTbman.

2) Hexomopwie npocmvie 4ucia MOXCHO NOIYYUMb U3 psioa ducein, sadasaemuvlx popmynoun! + 1.
Hanomnum, umo uucno n! (on gpaxmopuan) onpedensiemcs Kaxk pe3yivmam npou38eoeHust 8cex
Hamypanohbix uucen om 1 0o N, nanpumep 4!=1 -2 -3 -4 = 24. [Ipocmvle wucia suoan! + 1
HA3b18A10M PAKMOPUATLHBIMY. 3anoiHy madbauyy u evloeiu 8 Hell HatleHHble GaKmopuaibHvle
npocmole Yucaa:

n 1 2 3 4 5 6 7
n'-1
nt+1

3) Yucna Mepcenna yousumenvuviM 00pA30M C8A3AHbI C COBEPULCHHBIMU YUCLAMU, DPAGHBIMU
cymme ecex ceoux Oeaumenei. Ecnu npocmoe uucio npeocmasumo 6 suoe 2" —1, mo uucno
I(n)= (2"—1) - 2" agnaemca cosepwennviv! Hanpumep, nepsoe npocmoe uucio Mepcenna
nonyuaemes npun = 2. Toeoa 1(2) = (22— 1) - 221 =3 -2=6u6 =1+ 2+ 3. IIposepb smom axm
0J15 pACCMOMPEHHBIX 8blute npocmulx yucen Mepcenna.

4) Onpeodenu, ons kako2o N nepecmaiom 0asams NPOCMble YUCLA POPMYIIbL:

a)f(n) =n?+n+17; g) f(n) = n?—n + 41;
6) f(n) = n?+ n + 41; 2) f(n) = n>—79n + 1601.
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